In this paper, we prove homological stability of symplectomorphisms and extended hamiltonians of surfaces made discrete. Similar to discrete surface diffeomorphisms [Nar17b], we construct an isomorphism from the stable homology group of symplectomorphisms and extended Hamiltonians of surfaces to the homology of certain infinite loop spaces. We use these infinite loop spaces to study characteristic classes of surface bundles whose holonomy groups are area preserving, in particular we give a homotopy theoretic proof of the main theorem in [KM07] .
Introduction and statement of the main results
The Madsen-Weiss theorem ( [MW07] ) was not only so successful in describing the "stable" invariants of the surface bundles, but also it laid out a method that could be generalized to higher dimensional manifold bundles (see [GRW14] ). Kotschick and Morita in series of papers (see [KM07] , [KM05] and [KM09] ) studied the invariants of surface bundles whose holonomy groups lie in the symplectomorphisms of surfaces. Their calculations heavily relies on the theory of surfaces. The purpose of this paper which is a continuation of the work in [Nar17b, Nar17a] is to do Madsen-Weiss theory for surface bundles with certain geometric restrictions on the holonomy groups. In this approach the theory of surfaces will be hidden in the homological stability results (see Theorem 1.1 and Theorem 1.2). And as we shall see, not only this homotopy theoretic approach in the case of surface bundles whose holonomy groups are area preserving recovers the main theorems in [KM07] and [KM05] but also it translates the problems posed in [KM07] to a concrete problem related to the homotopy type of the Haefliger classifying space of the groupoids of germs of volume preserving diffeomorphisms (see Definition 1.3).
1.1. Homological stability. Let Σ be a surface with or without boundary and let ω Σ be an area form on Σ whose total volume is normalized to be the negative of the Euler number. Let Diff(Σ, ∂) and Symp(Σ, ∂) denote respectively the group of orientation preserving diffeomorphisms and ω Σ -preserving diffeomorphisms of Σ whose supports are away from the boundary. We denote the same groups with discrete topology by Diff δ (Σ, ∂) and Symp δ (Σ, ∂) respectively. The first main theorem Theorem 1.1. The homology groups H * (Symp δ (Σ, ∂); Z) is independent of the genus g(Σ) and the number of boundary components if * ≤ (2g(Σ) − 2) 3. which is induced by the functor Γ vol 2 → SL 2 (R) that sends a local diffeomorphism to its derivative at its source. We denote the homotopy fiber of θ by BΓ vol 2 . Let v ∈ H 2 (BΓ vol 2 ; R) be the standard transverse volume form for the universal Γ where the horizontal maps are homology isomorphisms in the stable range as Theorem 1.1.
1.3. Capping off the last boundary component. As we shall see in Section 2.3, for symplectomorphisms capping off the last boundary component of a surface also induces homology isomorphisms up to the same range as Theorem 1.1. In other words for an embedding of a closed 2-disk D 2 into a closed surface Σ, let Symp δ (Σ, rel D 2 ) denote those symplectomorphisms whose supports are away from the embedded disk. Nonetheless, for a closed surface Σ, we shall describe below the difference between the homology of B Ham δ (Σ) and the homology of B Ham δ (Σ, rel D 2 ) in the same range as Theorem 1.1. It is well known that the classifying space of an abelian group inherits the structure of a topological abelian group. In particular BR δ is a topological group and we shall show that it acts on MTβ and the homotopy quotient of this action BR 
where the horizontal maps in the same range as Theorem 1.1 induce homology isomorphisms onto the connected components that they hit (see Theorem 1.15 for a geometric meaning of this theorem). For homology with Q-coefficients, however, we use a different zig-zag of isomorphisms to show that Theorem 1.9. The groups H * (B Ham δ (Σ); Q) and H * (B Ham δ (Σ ′ ); Q) are isomorphic for * ≤ min((2g(Σ) − 2) 3, (2g(Σ ′ ) − 2) 3).
Remark 1.10. The isomorphism is given by a zig-zag of maps and in fact it induces an isomorphism in the same range for any coefficient subring of Q in which the Euler numbers χ(Σ) and χ(Σ ′ ) are invertible.
Characteristic classes of flat symplectic bundles. Recall MCG(Σ, ∂)
denote the mapping class group of the surface Σ fixing the boundary pointwise. As a result of Moser's theorem ( [Mos65] ), the topological groups Diff(Σ, ∂) and Symp(Σ, ∂) have the same group of connected components, thus we have the following short exact sequences of groups is unique. We consider the restriction of this unique extension to obtain the extended Hamiltonian group for surfaces with boundary.
Morita showed in [Mor87] that the MMM-classes κ i ∈ H 2i (MCG(Σ, ∂); Z) which are characteristic classes for surface bundles (see Section 3 for a definition of these classes) are nonzero in the stable range and even more the natural map
is injective in the same stable range as Theorem 1.1. We prove the same holds for flat symplectic surface bundles.
Theorem 1.12. The natural map induced by pulling back the MMM-classes to BSymp δ (Σ, ∂)
is injective in the stable range.
The situation is quite different with rational coefficients. The Bott vanishing theorem implies that κ i for i > 2 vanishes in H * (Symp δ (Σ, ∂); Q). On the other hand, Kotschick and Morita in [KM05] proved that powers of κ 1 are nonzero in H * (Symp δ (Σ, ∂); Q). The (non)vanishing of κ 2 in the rational cohomology of Symp
is not yet known. However, we prove all MMM-classes vanish in the cohomology of Ham δ (Σ, ∂) with real coefficients.
Theorem 1.13. The natural map
is a zero map.
To give Theorem 1.7 a geometric meaning, for a closed surface Σ, let (1.14)
Theorem 1.15. There is a map
that induces a homology isomorphism in the stable range.
In order to find new invariants of flat symplectic surface bundles, we use Theorem 1.5 and existence of nontrivial cohomology classes in H * (BΓ vol 2 ; Z) to prove that H * (Symp δ (Σ, ∂); Z) is highly nontrivial. Note that any class in
where Σ ′ is a surface. The map f induces a flat symplectic bundle E → Σ ′ whose fibers are diffeomorphic to Σ. Since E admits a codimension 2 foliation with a transverse volume form, invariant under the holonomy, this foliation induces a well-defined map up to homotopy
. Hence, one can easily see that this assignment defines a well-defined map from
is an isomorphism for g(Σ) ≥ 4 and epimorphism for g(Σ) ≥ 3.
Kotschick and Morita used the extended flux homomorphism to construct a surjection map
Q R is the second symmetric power of R as a Q-vector space. They asked in [KM07, Problem 23] if this map is an isomorphism. One can use Theorem 1.16 to partially answer their problem, as we shall briefly explain here (see corollary 3.12 for more precise statement). Theorem 1.17. There exists a certain homomorphism
, so that for a surface Σ with g(Σ) ≥ 4, we have a short exact sequence
18. Hence, Kotschick-Morita's problem for a surface of genus larger than 4 is equivalent to showing Coker(d) = 0. Given our state of knowledge about foliations with transverse volume form, proving that d is surjective seems to be very hard! Given Theorem 1.17, we obtain that there is a surjective map
Since H * (Ω ∞ • MTθ; Q) is a simply connected Hopf algebra over rationals, we deduce that 
Homological stability
In this section, we use the work of McDuff on volume preserving diffeomorphisms ( [McD83a, McD82] ) and Randal-Williams' work on homological stability of moduli spaces ( [RW16] ) to prove Theorem 1.1 and Theorem 1.2.
Let (Σ, ω) be a pair consisting of a surface Σ with a nowhere zero 2-form ω on Σ. Let Symp ω (Σ, ∂) denote the group of compactly supported ω-preserving diffeomorphisms of the interior of Σ. Let (Σ ′ , ω ′ ) be a pair where Σ ⊂ Σ ′ is a subsurface and ω = ω ′ Σ is the restriction of the volume form to Σ. There is a natural group homomorphism
which is given by extending ω-preserving diffeomorphisms of Σ by the identity over Σ ′ Σ. Theorem 1.1 can be reformulated as follows
Theorem. The map
is an isomorphism for * ≤ (2g(Σ) − 2) 3 and epimorphism for * ≤ 2g(Σ) 3.
Let Σ be a surface with boundary. We treat the case where Σ is a closed surface separately in Section 2.3. Given the observation of Kotschick If we pull back this foliated bundle to BSymp ω (Σ, ∂), we obtain the product bundle
with a foliation F transverse to the fibers {x} × Σ (see [McD83a, McD82] for more details). Since this bundle is trivial, the normal bundle to the foliation F is induced by the pull back of the tangent bundle T Σ via the projection BSymp ω (Σ, ∂) × Σ → Σ. Hence, we have the following homotopy commutative diagram
For the point-set model of the diagram 2.2 see [McD79] and [Nar17a, Section 5.1]. Let Sect(Σ) be the space of sections of τ * (θ), the pullback of BΓ vol Σ. After choosing a base section s 0 for Sect(Σ), one can define Sect(Σ, ∂) to be those sections that are equal to s 0 in the germ of the boundary (In fact in the point-set model, there is a canonical base section s 0 defined by the foliation by points on the surface). For any x ∈ BSymp ω (Σ, ∂), the map F x×Σ is a lifting of the map τ to BΓ vol 2 , hence we obtain a map
The section space Sect(Σ, ∂) is not connected and in fact π 0 (Sect(Σ, ∂)) = R which is given by the integration of ω over the surface. Let Sect 0 (Σ, ∂) denote the base component.
induces a homology isomorphism.
Using obstruction theory, one can show that π 1 (Sect 0 (Σ, ∂)) is a nilpotent group and sits in a short exact sequence
Hence we have a map
Let Sect 0 (Σ, ∂) be the homotopy fiber of h. In fact, McDuff obtained Theorem 2.3 as a corollary of the following Theorem 2.4. There is a map
2.2. The tangential θ-structures. To describe a point-set model for the section space on which Symp ω (Σ, ∂) acts, we shall recall the space of tangential structures. Let B be any topological space. For a map α ∶ B → BSL 2 (R) that is a fibration, let Bun ∂ (T Σ, α * γ) denote the space of all bundle maps T Σ → α * γ from the tangent bundle of Σ to α * (γ) that are standard on a germ of the boundary and equipped with the compact-open topology (See [RW16, Section 1.1] for what it means to be standard near the boundary). The whole diffeomorphism group Diff(Σ, ∂) acts on bundle maps by precomposing a bundle map with the differential of a diffeomorphism and we shall restrict this action to the volume preserving diffeomorphisms.
Now consider the tangential structure θ ∶ BΓ vol 2 → BSL 2 (R). Recall γ is the tautological 2-plane bundle over BSL 2 (R). One can define a map between Sect(Σ, ∂) and Bun ∂ (T Σ, θ * γ) as follows. First fix an isomorphism between T Σ and τ * γ. Every section s ∈ Sect(Σ, ∂) gives a map s ∶ Σ → BΓ vol 2 such that θ ○ s = τ . Hence, we obtain a bundle map s * ∶ T Σ → θ * γ. It is easy to prove that the map that associates a bundle map to a section 
that is equivariant with respect to the inclusion Symp ω (Σ, ∂) → Symp ω ′ (Σ ′ , ∂). Hence, we obtain a stabilization map
by extending over Σ ′ Σ via the base section. To prove Theorem 1.1, we relate the plus construction of BSymp Proof of Theorem 1.1. Let BSymp ω (Σ, ∂) be the homotopy fiber of the map
A model for this homotopy fiber on which the group Symp ω (Σ, ∂) acts, is the pullback of the universal Symp ω (Σ, ∂)-bundle
via the map ι. This pullback is a principal Symp ω (Σ, ∂)-bundle over the base space BSymp δ ω (Σ, ∂), hence the group Symp ω (Σ, ∂) acts on it. Note that given that this action is free, the homotopy quotient of this action
is homotopy equivalent to the quotient of the action which is homeomorphic to the base space where in this case is homotopy equivalent to BSymp 
that is Symp ω (Σ, ∂)-equivariant. Hence, we obtain a map
Recall that Bun ∂ (T Σ, θ * γ) is not connected but the action of Symp ω (Σ, ∂) preserves the connected components. Let M θ 0 (Σ, ∂) be the base component. Thus, McDuff's theorem implies that there is a zig-zag of maps
that are homology isomorphisms. By naturality of our constructions, it is easy to see that the above homology isomorphisms commute with the stabilization maps.
To prove that M 
The relevant part of the long exact sequence of the homotopy groups is
Since Σ has a boundary, the tangent bundle can be trivialized. Therefore, in the section space model for the bundle maps Bun ∂ (T Σ, θ * γ) the map τ is nullhomotopic. Hence, Sect(Σ, ∂) is in fact homotopy equivalent to the mapping space Map ∂ (Σ, BΓ vol 2 ) where BΓ vol 2 is the homotopy fiber of the map θ. Given that Σ is 2 dimensional and BΓ vol 2 is simply connected ([McD81]), we have
which is known from [McD81] to be 3-connected. Therefore H 2 (BΓ vol 2 ; Z) ≅ R. More concretely, let f 1 and f 2 be bundle maps in Bun ∂ (T Σ, θ * γ). We consider them as lifts of the tangent bundle to BΓ vol 2 . They are in the same component of Bun ∂ (T Σ, θ * γ) if the volumes of surface Σ given by the two forms f * i (v) are equal. Given that the every of the mapping class group MCG(Σ, ∂) can be realized as a volume preserving diffeomorphism, the action of the mapping class group MCG(Σ, ∂) on the set of components is trivial. Therefore we have
Thus, the connected components of M θ (Σ) stabilize and the stabilization map or gluing surfaces along the boundary components corresponds to the addition of classes in H 2 (BΓ vol 2 ). To find a stability range, Randal-Williams defined a notion of k-triviality [RW16, Definition 6.2] and proved that if a θ-structure stabilizes at genus h, then it would be (2h + 1)-trivial. Since θ-structure stabilizes at genus 0, by [RW16, Theorem 7 .1] the stability range for stabilization maps is the same as the stability range for the orientation structure BSO(2) → BO(2). Therefore, the groups Symp δ ω (Σ, ∂) have the same stability range as the mapping class groups.
q.e.d.
Proof of Theorem 1.2. To recall the setup, let
) be a volume preserving embedding such that the volumes of Σ and Σ ′ are normalized to be the negative of the Euler numbers respectively. This volume preserving embedding induces a stabilization map
which we want to prove is an isomorphism for * ≤ (2g(Σ) − 2) 3 and epimorphism for * ≤ 2g(Σ) 3. To do so, similar to the proof of Theorem 1.1, we
show that B Ham δ ω (Σ, ∂) is homology equivalent to a moduli space of a tangential structure whose π 0 stabilizes with respect to the genus. Recall that the extended Hamiltonian group Ham ω (Σ, ∂) hits all the connected components of Symp ω (Σ, ∂) and similar to Symp ω (Σ, ∂), has contractible connected components. Note that the group extension
induces the fibration sequence
Therefore, the space BHam On the other hand by Theorem 2.4, we have a homotopy commutative diagram
. Given the appropriate point-set model for the section space Sect 0 (Σ, ∂) as the bundle maps, the maps f Σ and h are also Symp ω (Σ, ∂)−equivariant. In the claim below, we shall prove that there is a point-set model for Sect 0 (Σ, ∂) given by certain bundle maps. Thus, using the same constructions as in [Nar17a, Sec- 
where the second arrow induces only a homology isomorphism. Hence to prove the theorem, the idea is to show that the space Sect 0 (Σ, ∂) is in fact the space of bundle maps of a certain tangential structure over the surface Σ.
Recall from the diagram 1.4 in the introduction that BΓ vol 2 is the homotopy fiber of the map e + v ∶ BΓ vol 2 → K(R, 2) and there is a tangential structure β ∶ BΓ vol 2 → BSL 2 (R). Claim: There is a map
which is a weak homotopy equivalence. Proof of the claim: Let Bun ∂,0 (T Σ, θ * γ) denote the base point component of Bun ∂ (T Σ, θ * γ). We write Map ∂ (Σ, K(R, 2)) to denote the continuous mappings that send the germs of the boundary to the base point of K(R, 2) and the base point of the space of maps is the constant map whose value is the base point of K(R, 2). Let Map ∂,0 (Σ, K(R, 2)) denote its base point component. For brevity, we denote H 1 (Σ, ∂; R) by H 1 R which is also the fundamental group of the mapping space Map ∂,0 (Σ, K(R, 2)).
Recall that Thom's theorem ( [Tho57] ) says the space of maps from a topological space X to the Eilenberg MacLane space K(G, m) is homotopically equivalent to the products of Eilenberg-MacLane spaces ∏
Now for the mapping space Map ∂,0 (Σ, K(R, 2)), since we are considering the base point component, we are omitting the factor K(H 2 (Σ, ∂; R), 0) in the Thom theorem. And since we are considering the subspace of maps that send the boundary to the base point of K(R, 2), we are omitting the factor K(H 0 (Σ, ∂; R), 2) in the splitting in Thom's theorem. Therefore, the natural map from the mapping space to the classifying space of its fundamental group
is a homotopy equivalence. Note that the fibration sequence
induces the following fibration
For a surface with boundary, the above sequence is a fibration of mappings spaces, but we write bundle maps to keep track of the action of the group Symp ω (Σ, ∂) on spaces in the above fibration. Recall from Section 2.2 that the map Sect 0 (Σ, ∂) → Bun ∂,0 (T Σ, θ * γ) is a weak equivalence and that was how in the first place we defined the action of Symp ω (Σ, ∂) on the section spaces. Hence, to prove the claim, it is enough to show the following diagram is homotopy commutative (2.9)
To do so, let us recall how the map f Σ is defined. Consider the Borel construction Σ Symp 
Since the space
to prove that the diagram 2.9 is homotopy commutative, we need to show that the two maps BFlux and f Σ ○ (− ○ (e + v)) represent the same cohomology class in
Note that the class represented by f Σ ○ (− ○ (e + v)) is the same class obtained by projecting the class
Since the volume form is normalized, the restriction of F * (e + v) to each fiber is zero, therefore the projection of F * 
Given that B Ham
hence similar to the argument in the proof of Theorem 1.1, Randal-Williams' theorem applies and we deduce that the groups Ham δ ω (Σ, ∂) have the same stability range as the mapping class group.
Closing the last boundary component. Let
be a volume preserving embedding of a disk into a closed surface. This embedding induces group homomorphism
where Diff ω (Σ, rel D 2 ) denotes those volume preserving diffeomorphisms that are the identity in a neighborhood of the embedded disk. We shall prove below that s(ι) induces homology isomorphism in a range.
Remark 2.12. Similarly the volume preserving embedding induce a homomorphism
But the map h(ι) fails to induce an isomorphism even in the low homological degrees. To see why, consider the fibration
The Serre spectral sequence implies that there is a short exact sequence
is a perfect group by an unpublished result of Thurston (see [Ban97] ). But for g(Σ) ≥ 3 the group H 2 (MCG(Σ); Z) is generated by the first MMM-class κ 1 (see [Har83] ). Thus the class κ 1 is also nonzero in 
be the space of germs of volume preserving embeddings with the discrete topology
Note that E • (Σ) is a semisimplicial set whose face maps are given by forgetting the disks (see [RW16, Section 2] for preliminaries on semisimplicial spaces). Using isotopy extension theorem for volume preserving diffeomorphisms (see [Kry71, Theorem 2]), one can see that the group Diff δ ω (Σ) in fact acts transitively on E p (Σ).
Let us fix e p ∈ E p (Σ) for each p so that it has a representative whose image does not intersect our fixed embedded disk ι ∶ D 2 ↪ Σ. We use the same notation for this representative of the germ of embeddings e p . Let Σ(p) denote the punctured surface obtained by removing the centers of the disks in e p . Let Σ e p denote the surface obtained by removing the interior of the image of e p from Σ.
The action of Symp δ ω (Σ) on e p defines a map (2.14) 
Given that ǫ induces a weak homotopy equivalence, the spectral sequence associated to the skeleton filtration of the realization X • (Σ) takes the form 
Hence we obtain a comparison map between the associated spectral sequences
The action in Definition 2.15, yields a sequence of fibrations
Now by Shapiro's lemma (which says that for a subgroup H < G, the homotopy quotient (G H) G is weakly equivalent to BH), we have
Now note that similar to [Nar17a, Corollary 2.3], the inclusion Symp
the bottom map is an isomorphism for q ≤ (2g(Σ) − 2) 3 by Theorem 1.1 for surfaces with boundary. Therefore the top horizontal map between E 1 -pages is an isomorphism in the same range which implies that the map
) is an isomorphism in the same range.
2.4. The stable homology. From now on, for brevity, we shall drop the symplectic form ω from the subscripts. As we saw in Remark 2.12, the extended Hamiltonian groups do not exhibit homological stability when we cap off the last boundary component. Nonetheless one can describe the group homology of Ham δ (Σ) for a closed surface Σ as in Theorem 1.7. Before proving Theorem 1.7 which is the main goal of this section, let us recall from Section 2.2 that BSymp δ (Σ, ∂) is homology isomorphic to the base point component of 
is no longer a homology isomorphism even in the stable range. We need to mod out M β (Σ) by a certain subgroup of the homotopy automorphism group of the tangential structure β. Let us first recall the definition of the homotopy automorphism group of a map.
Definition 2.17. Let π ∶ E → B be a fibration. The topological monoid hAut(π) is the space of maps f ∶ E → E which are weak homotopy equivalences and satisfy π ○ f = f . The monoid structure is induced by the composition.
We are interested in hAut(β) for the tangential structure β ∶ BΓ vol 2 → BSL 2 (R). Note that hAut(β) acts on M β (Σ) and on the spectrum MTβ. To prove Theorem 1.7, we first describe an action of the topological abelian group BR δ on the spectrum MTβ by realizing it as a submonoid of hAut(β). Let E(BR 
where the composition of the top horizontal maps is β. Using this model BΓ vol 2 admits an action of BR δ as the principal BR δ −bundle over BΓ vol 2 . Hence, from the diagram 2.18, we obtain that this BR δ -action fixes the map β. Therefore, BR δ is a submonoid of hAut(β). So it also acts on the Thom spectrum MTβ. We want to prove that for a closed surface Σ, there is a map
that induces homology isomorphism in the stable range onto the connected component that it hits.
Proof of Theorem 1.7. Recall from (2.8) that we have the fibration sequence
Since the group BR δ is a subgroup of hAut(β), it also acts on Bun(T Σ, β * γ).
Given the model for BΓ vol 2 in the diagram 2.18, the map g factors through the homotopy quotient of this action
On the other hand, unlike the case of surfaces with nonempty boundary, the map from the mapping space Map 0 (Σ, K(R, 2)) to BH 1 R δ is no longer a weak equivalence. In fact, we have the fibration sequence
Let X denote the homotopy fiber of the map p ○ (− ○ (e + v)), then X fits into the following diagram (2.19)
where every horizontal and vertical line is a fibration. Recall that for a group G and a topological space Y , the group G acts on a model for the homotopy fiber of a map f ∶ Y → BG. And the total space Y is homotopy equivalent to the homotopy quotient G hofib(f ). Given that BR δ acts on the space Bun(T Σ, β * γ) via homotopy automorphisms, from the top horizontal fibration, we deduce that X ≃ BR δ Bun(T Σ, β * γ). McDuff's theorem 2.4 for a closed surface Σ implies that the mapf Σ in the diagram (2.20)
induces a homology isomorphism. As we discussed in the proof of Theorem 1.2, the group Symp(Σ) acts on a model for BHam δ (Σ). Also recall that Symp(Σ) acts on Bun(T Σ, β * γ) by acting on the tangent bundle T Σ and the topological group BR δ acts on Bun(T Σ, β * γ) via homotopy automorphisms of β. Therefore, the action of BR δ and the action of Symp(Σ) on Bun(T Σ, β * γ) commute which implies that Symp(Σ) acts on BR δ Bun(T Σ, β * γ) as a model for X still by acting on T Σ. Hence, the construction forf Σ as in [Nar17a, Section 5.1] makes it Symp(Σ)−equivariant. So we have a map 
where S r Q (R) is the r-th symmetric power of R as a Q-vector space. Since S r Q (R) is a uniquely divisible abelian group, the universal coefficient theorem implies that K(R, 2) has the F p -homology of the point. Therefore, the Serre spectral sequence for the fibration
degenerates and we obtain the desired isomorphism
q.e.d. 
where the last isomorphism is given by the Euler class of the tangential structure β ∶ BΓ vol 2 → BSL 2 (R). Therefore the group of connected components of Ω ∞ MTβ is isomorphic to Z by half of the Euler class. Let Ω 
MTβ, that induce homology isomorphisms in the stable range. Claim: For every n and k, there exists a map
MTβ, that commutes with the action of BR δ and induces an isomorphism on homology with rational coefficients.
To construct the map φ k , write the infinite loop space Ω ∞ MTβ as a loop space ΩY . Recall that π 0 (ΩY ) = Z. By traversing each loop k times, one obtains a map
that induces multiplication by k on π 0 (ΩY ). This map obviously commutes with the action of BR δ and is invertible after rationalization. Therefore it induces an isomorphism on homology with rational coefficients.
Let us explain how to use the claim to finish the proof. We assume that neither χ(Σ) nor χ(Σ ′ ) is zero. Consider the following diagram of spaces
The vertical maps are isomorphisms on rational homology. Hence after taking homotopy quotient by BR δ , we obtain the desired zig-zag of maps that induce isomorphisms on rational homology.
Characteristic classes of symplectic flat surface bundles
In this section, we show how one can use Theorem 1.5 to prove non-triviality or vanishing of characteristic classes for flat surface bundles whose holonomy groups are area preserving. We call such surface bundles symplectic flat surface bundles. Here are certain characteristic classes that one can define for such symplectic flat surface bundle:
• MMM-classes. Let T π be the vertical tangent bundle which is 2-plane bundle on the total space, tangent to the fibers. Let e(T π ) be the Euler class of this bundle. The MMM-classes are defined to be
In other words, one can forget that the bundle is foliated and just consider its invariants as a surface bundle. Such classes come from the cohomology of the mapping class group of Σ. 
One of the consequence of Theorem 1.5, as we shall see below, is in fact Kotschick-Morita's classes are induced from characteristic classes of foliations. For every n, let us denote the following composition by e n (3.1)
, where the first map is induced by a Pontryagin-Thom construction (see [Nar17b, Section 2.2] for a description of such a map) and the second map is given by the Thom isomorphism. For homology with rational coefficients, one can geometrically describe this map as follows. Recall that from a theorem of Thom, every class in c ∈ H n (BSymp δ (Σ); Q) can be represented by Σ → E c → M c which is a symplectic flat Σ-bundle over an n-manifold M c . By definition, this bundle gives rise to a codimension 2 foliation on E c with a transverse volume form. One can easily check that the map that associates the class and B Ham δ (Σ, ∂) and in the case of extended Hamiltonians, we obtain a map
For a surface Σ with boundary, the maps e n and h n are rationally surjective for 0 < n ≤ 2g(Σ) 3.
Proof. We prove surjectivity for e n and the proof for h n is similar. From Theorem 1.5, we know that for n ≤ 2g(Σ) 3, there is a surjective map
where Ω 
where the horizontal maps are induced by the suspension map and the vertical maps are induced by the Hurewicz map. The top horizontal map is an isomorphism by the definition of the homotopy groups of a spectra and the right vertical map is also an isomorphism because of the rational Hurewicz theorem. Therefore, the bottom horizontal map, is surjective. q.e.d. We investigate these two cases separately.
3.1. Characteristic classes of flat surface bundles whose holonomy groups lie in extended Hamiltonian. Recall from the introduction that we have a short exact sequence
There is a surjective homomorphism called Calabi homomorphism
Banyaga [Ban78] proved that the kernel of this homomorphism is perfect. Therefore, we have
. He in [Bow11, Theorem 7.2] proved that in the cohomology Hochschild-Serre spectral sequence for the short exact sequence 3.3, the differential
is nontrivial by showing that d 2 (Cal) is nonzero. Hence, dually in the homology Hochschild-Serre spectral sequence with rational coefficients, we obtain a map
that is injective. Since the mapping class group MCG(Σ, ∂) is perfect ( [Pow78] proves that the first homology of the mapping class group of a closed surface of genus larger than two is trivial and the Harer homological stability [Har85] implies that the first homology is stable as we cap off the boundary components if the genus is larger than two) for g(Σ) ≥ 3, from the homology HochschildSerre spectral sequence, we deduce
if the genus is larger than 2.
Proposition 3.4. For k ≤ 2g(Σ) 3 and g ≥ 3, there is a surjective map
Proof. Again by Theorem 1.2, we know that in the same range, there is a surjective map 
where
is the k-th exterior power of R Q as a vector space over Q. q.e.d. 
(BSL 2 (R); R) be the Euler class. The class κ i is given by the composition of the following maps
where the first map is induced by the suspension map. Hence, to prove the theorem it is enough to show that β * 
One can also use Theorem 1.5 to prove their result about κ 1 (see Corollary 3.12 below).
With integer coefficients, however, the author proved in [Nar17b, Corollary 2.6] that all the MMM-classes in the stable range are nonzero in H * (BDiff δ (Σ, ∂); Z). Exactly the same idea works to show that stable MMM-classes are also nonzero in H * (BSymp δ (Σ, ∂); Z). Here, we give a sketch of the argument and refer the reader to [Nar17b, Theorem 2.4] for further details.
Proof sketch of Theorem 1.12. It is enough to prove that the quotient map
induces an injective map on cohomology with integer coefficients
in the stable range. Since the homology of the mapping class group is finitely generated in the stable range by the Madsen-Weiss theorem, Corollary 1 in [Mil83] implies that the injection of ι * is equivalent to showing that for every prime p, the map
is injective in the stable range. Therefore, by the Madsen-Weiss theorem and Theorem 1.5, it is enough to show the map
, is injective, where MTSO(2) is the Madsen-Tillmann spectrum ( [MT01] ). To recall a definition of this spectrum, let γ denote the tautological 2-plane bundle over BSL 2 (R). The Madsen-Tillmann spectrum can be described as the Thom spectrum of −γ.
Note that the rotation matrices is a subgroup of the group of endomorphisms of the origin in the groupoid Γ is a discrete group, we obtain the following maps
Using [Mil83, Lemma 3] , one can see that θ○η induces homology isomorphisms with F p -coefficients. The map θ ○ η induces a tangential structure and let MT(θ ○ η) denote the Thom spectrum of (θ ○ η) * (−γ). Thus the map θ ○ η induces a spectrum map from MT(θ ○η) to MTSO(2). Given that θ ○η induces F p -cohomology isomorphisms, the composition map
, is an isomorphism. Hence, the map
q.e.d. [Hur83] proved that for such foliations with the codimension larger than 2 some of the exotic classes are nontrivial. Nonetheless, as we shall see below, the fact that the volume form v ∈ H 2 (BΓ vol 2 ; R) is nontrivial provides us with a plethora of nontrivial invariants for the symplectic flat surface bundles.
Recall that the maps e n in 3.1 are defined integrally. We write e 
Recall that we have the following commutative diagram
Hence, to show that the bottom horizontal map is an isomorphism, it suffices to prove that the right vertical map h which is a Hurewicz map is an isomorphism. Note that h is induced by the unit map from the localized sphere spectrum S (p) to the Eilenberg-Maclane spectrum HZ (p) . We shall write this unit map as e ∶ S (p) → HZ (p) .
Let F (p) denote the homotopy fiber of e. It is well-known (see e.g. [Hat04, Theorem 5.29] ) that the first nontrivial cohomology of HZ (p) in positive degrees appears in degree 2p−1 and it is a p-torsion. Hence, the spectral sequence implies the first nontrivial cohomology group of F (p) in positive degrees appears in degree 2p − 2 and is a p-torsion. Therefore, by universal coefficient theorem the first nontrivial homology group of F (p) in positive degrees appears in degree 2p − 3. Thus, the map e is (2p − 4)-connected. Hence, for 2p − 4 > 2,
induces an isomorphism.
(b) To prove that the map
, is an isomorphism for g(Σ) ≥ 6, recall it suffices to show that the suspension map
, is an isomorphism. To do so, consider the commutative diagram
The left vertical map is surjective by the rational Hurewicz theorem because
The top horizontal map is an isomorphism by definition and the right vertical map is an isomorphism again by the rational Hurewicz theorem. Hence, the bottom horizontal map has to be an isomorphism.
Remark 3.8. It seems possible to use the Adams spectral sequence to analyze what happens in part (a) at the primes 2 and 3, but we have not pursued this point.
In particular the part (a) of the theorem implies that H 2 (BSymp δ (Σ, ∂); Q) ≅ H 4 (BΓ vol 2 ; Q) for g(Σ) ≥ 4. To find new nontrivial invariants of flat symplectic surface bundles, we shall prove H 4 (BΓ vol 2 ; Q) is highly nontrivial as a Q-vector space.
We define three classes in the cohomology of BΓ The geometric meaning of the space BΓ vol 2 , by the general theory of Haefliger structures in [Hae71] , is that it classifies foliated trivialized 2-plane bundle with a transverse volume form whose volume form is exact. Therefore a is an R-linear map in Hom(R, R) and by scaling the isomorphism 3.10, we can assume that a corresponds to the identity in Hom(R, R). Now the homology Serre spectral sequence for the fibration 3.11 looks like Figure 1 . Since the transgression d 4 in the cohomology spectral sequence is induced by the differential d 4 in the homology spectral sequence, we deduce that
where the first map is the projection to the third factor. Hence, the kernel of 
Corollary 3.12. For g(Σ) ≥ 3, there is a surjective map
and for g(Σ) ≥ 4, we have a short exact sequence
Hence as a corollary, similar to Proposition 3.4 we obtain the main theorem of Kotschick and Morita in [KM07]:
Corollary 3.13. There is a surjective map
for g(Σ) ≥ 3k.
Remark 3.14. Note that the above invariants can be defined on H 2k (BSymp δ (Σ); Q) when the surface Σ is a closed surface. Therefore Corollary 3.13 also holds for closed surfaces.
Relation to the Kotschick-Morita classes.
Note that all the nontrivial invariants constructed in Corollary 3.13, are induced from the map
Recall that the first Q summand is induced by κ 1 . There are two ways to describe the map to the second factor. One way is what Kotschick and Morita did in [KM07, Section 1] which is roughly as follows. The extended flux homomorphism gives rise to a twisted cohomology class
Then the square of this class lives in
).
Now one can use the intersection from
As explained in [KM07, Definition 1], one can refine the intersection form ι by the discontinuous cup productι so that
Therefore, the class α is induced from a classα ∈ H
The way we would like to think about these S 2 Q R-valued characteristic classes is to describe their evaluation on a class in a ∈ H 2 (BSymp δ (Σ); Q). Recall that we can represent the class a as the image of a map Σ ′ → BSymp δ (Σ) for some surface Σ ′ . Therefore the class a gives rise to a symplectic flat surface bundle Σ → E → Σ ′ . By the general theory of Haefliger spaces, the foliation on the total space E gives rise to a map f ∶ E → BΓ vol 2 that is well-defined up to homotopy. Consider the diagram
To obtain a number associated to the fundamental class of E, we take the induced map on homology by (e + v) 2 ○ f :
Hence, we can associate to a the number
We can also refine this class by assigning to a the element
One can see that these two ways of constructing invariants of symplectic flat surface bundles agree up to sign using an observation due to Kawazumi ([KM07, Section 7]). He noted that the contraction formula ([KM, Theorem 6.2]) implies
In fact one can use the contraction formula with more care to show that
Q R. So in order to relate the classα to our calculation in Theorem 3.9, we need to relate the map (e + v) * ∶ H 4 (BΓ vol 2 ; Q) → S 2 Q R, to the map we obtained in the spectral sequence in Figure 1 H
Recall that this map in the spectral sequence is induced by the map
Therefore, by factoring the map (e + v) as follows
we deduce that (e + v) * is given by the composition
Now given the relation between these two points of view, we prove Theorem 1.15.
Proof of Theorem 1.15. Recall from the proof of Theorem 1.7, we can consider the following composition of maps
which gives rise to a cohomology class a ∈ H 2 (B Ham δ (Σ); R). Therefore, we have a homotopy commutative diagram
where the two first vertical maps are homology isomorphisms in the stable range. Since the bottom row is a fibration sequence, the class a ∈ H q.e.d.
3.4. Discussion about higher dimensions. Since the method of Kotschick and Morita heavily relies on the theory of surfaces, it is not obvious how to generalize their calculations to higher dimensions. One possible generalization though of our method is to consider the volume preserving diffeomorphisms of high dimensional analogue of surfaces. So let (W g,1 , ω) denote a pair of a manifold diffeomorphic to # g S n × S n intD 2n and a volume form ω. Let Diff δ ω (W g,1 , ∂) denote the discrete ω-preserving compactly supported diffeomorphisms of W g,1 ∂W g,1 .
To introduce the relevant tangential structure in this case, let BSL 2n (R)⟨n⟩ and BΓ vol 2n ⟨n⟩ be the n-connected covers of BSL 2n (R) and BΓ vol 2n respectively. Given that θ is a 2n-connected map [Hae71] , we have the following homotopy pullback diagram BΓ vol 2n BSL 2n (R). → BSL 2n (R) × K(R, 2n).
McDuff showed that BΓ vol 2n is 2n-connected. Hence, we have a fiber sequence (3.19) BΓ vol 2n → BΓ 
